The ability to control a complex network towards a desired behavior relies on our understanding of the complex nature of these social and technological networks. The existence of numerous control schemes in a network promotes us to wonder: what is the underlying principle of all control schemes and driver nodes? Here we introduce driver graph, a simple geometry that reveals the complex relationship between all control schemes and driver nodes. We prove that the node adjacent to a driver node in the driver graph will appear in another control scheme and all control schemes are related by adjacent nodes in the driver graph. Furthermore, we find the connected nodes in driver graph have the same control role, and the giant components emerge in the driver graphs of many real networks, which provides a clear topological explanation of bifurcation phenomenon emerging in dense networks and promotes us to design an efficient method to alter the control roles of nodes. The findings provide an insight into control principles of complex networks and offer a general mechanism to design a suitable control scheme for different purposes.
Introduction
Controlling complex networked systems is a fundamental challenge in both natural and social sciences. A networked system is controllable if its state can be controlled from any initial state to a desired accessible state (1) (2) (3) by inputting external signals from a few suitable selected nodes, which are called driver nodes (4) (5) (6) . Existing works based on structural controllability (4) provide an efficient method to find a minimum driver nodes set (abbreviated MDS) used to fully control a network.
However, these works have primarily focused on analyzing single MDS (4) (5) (6) (15) (16) , while the underlying control relationships of nodes and MDSs remain elusive. Owing to the structural complexity of a network, its MDSs are typically not unique and may be exponential to its size (7) (8) . The enumeration of all possible MDSs is a #P problem (14) which requires high computational costs. A few works analyzed the control roles (17) (18) and control capacities (8) of driver nodes. Moreover, although any of its MDSs are capable of fully controlling the network, they are composed of different driver nodes with different properties (9) . The existence of physical constraints and limitations (30) may also affect the choice of a suitable MDS. For example, when controlling an inter-bank market (12) (13) , one may need certain specific driver nodes to ensure that the MDS can be manipulated by a given organization; when controlling a protein interaction network (29) , some proteins cannot be used as driver nodes because of technique limitation.
Besides existing approaches on controllability analysis of complex networks, the following questions are critical yet remain unknown: (i) . what is the relationship between many available MDSs of a network?
(ii). what topological structure determines whether a node is a driver node? (iii). how to design suitable MDS with the desired nodes?
Here, we present driver graph, a simple graph but capable of revealing the complex correlation of all MDSs and nodes in control. The driver graph is constructed by replacing the original edges with new edges reflecting control correlations of nodes. We prove that the node adjacent to a driver node in driver graph will appear in an MDS, and the nodes of the same connected component in driver graph have the same control roles, thus they are either all participate in control or not. Therefore, the emergence of giant connected component in driver graph provides a clear topological explanation of the bifurcation phenomenon in dense networks, and the complex control correlation of nodes of original network can be reduced into a few simple connected components of driver graph. Furthermore, we present an efficient method to precisely manipulate the control roles of any node based on its connectivity of driver graph.
We believe that driver graph is important because it (i) presents a framework that reveals the inherent correlation of MDSs and nodes in control and (ii) enables the design and manipulation of a suitable MDS of a network under constraints. Ultimately, this will promote the application of network control in real networked systems.
Results

Control adjacency and driver graph
The dynamics of a linear time-invariant network G(V,E) is described by:
where the vector x(t)=(x1(t), …, xN(t)) T , denotes the state of N nodes in the network at time t, A is the transpose of the adjacency matrix of the network, B is the input matrix that defines how control signals are inputted to the network, and u(t)=(u1(t), …, uH(t)) T represents the H input signals at time t.
According to structural controllability approach (4), the MDS used to fully control G(V,E) can be determined by the maximal matching of the network. Because the number of MDSs may be numerous and exponential to network size (7-8), we can define two types of roles of nodes based on their participation in MDSs: 1. possible driver node, which appear in at least one MDS; 2. redundant node, which never appear in any MDS.
To analyze relationship of all nodes in control, we first define the control adjacency of nodes pair:
for a network G and any maximum matching M, node a is said to be control adjacent to Then, we define the driver graph GD(V,ED) based on the control adjacency between nodes, where V is the node set, ED is the edge set and eij ED if node i is control adjacent to node j (Fig. 1C) . Apparently, the driver graph reveals all control relationships of nodes of a network.
The driver graph has several potential applications in analyzing controllability of complex networks.
We find that the degree of a node in driver graph reflects an important property about its substitutability in control. Based on the exchange theorem, for each edge of a driver node in driver graph, we can find a substitute node and obtain a new MDS with only one node replaced. It has important practical value. For example, when a driver node of a MDS is no longer available due to physical constraint or attack, we can immediate find a new one by replacing the node with one of its neighbor in driver graph. The above method makes the minimum change to the original control scheme, which is only one edge. Note that the computational complexity of the above process is only O(1), which yields a significantly improved method to obtain a new MDS in comparison with the state of the art approach (8) .
Connected components of driver graph
Next we focus on analyzing the connectivity of driver graph. Similar to the concept of the path and reachable set in graph theory, we define control path p as the node sequence where neighbor nodes are control adjacent. The control-reachable set C(n) of node n is defined as the set of all nodes that are reachable from node n through certain control paths (Fig. 1B) . Based on the above definition, we prove We analyze the control components of some real networks, and find that the complex control relationships of these networks can be reduced into a few control components of driver graphs, i.e., little rock ( Fig.2A) and political blog networks (Fig.2B) . Furthermore, we find that many real networks have a giant control component in their driver graph (Table. 1 and Figure. (Fig.2C) , whereas the number of control components decreases monotonically (Fig.2D) . Therefore, there exists only one giant control component in dense networks (Fig.2E) . The control role of a node is determined by the type of control component to which it belongs, which depends on whether the control component contains a driver node. If the giant control component contain a driver nodes, most of its nodes will be possible driver nodes; and if the giant control component contains no driver node, most of its nodes will be redundant nodes. Thus, we can observe the bifurcation phenomenon (17) (Fig.2F ) that emerges in dense networks. Therefore, the formation of the giant control component in driver graph provides a clear explanation for the origin of the bifurcation phenomenon emergent in dense networks.
Altering the control roles of nodes
Owing to the economical or physical constraints exist in many actual control scenarios, we may need some specified nodes as driver nodes. If the node is a possible driver node, we can easily find a MDS which contain the node because all MDSs are connected by edges of driver graph. However, if the node is a redundant node, we must alter the structure of the network and turn the node into a possible driver node.
Since the nodes of the same control component have same control roles, we only need to alter the type of control component in which the target node lies. This problem can be solved by adding new edges to the network. For example, if we link several driver nodes to an MC, the nodes in the MC will be turned into possible driver nodes and the MC will be turned into a DC. Additionally, if we match all driver nodes of a DC, it will be turned into an MC and all nodes in it will be redundant nodes (Fig.3A-3B, 3E ).
Therefore, we present an algorithm to alter the type of the control component (see Supplementary   Information) . To quantify the efficiency of the algorithm, we investigate the number of added edges p in both ER-random and scale-free networks. The results (Fig.3C-3D) showed that p significantly decreases with the average degree <k>, and the proportion of changed possible driver nodes ΔnD increases monotonically, which indicates that it is easier to alter the control component of a denser network.
Surprisingly, the giant control component of a few networks can be changed by adding only one edge ( Fig.3E-3F ). For example, the control role of most nodes of some real networks (e.g. Facebook and
Amazon networks shown in Table. 1) can be altered by only one added edge. All these networks have a special giant MC, which was not linked by any unsaturated node (node without a matched out-edge), and we call it as a saturated matched component (SMC). Therefore, if we link a driver node to an SMC, most nodes of the SMC will be control reachable by the driver node and be turned into possible driver nodes.
However, when an MC is linked by several unsaturated nodes, which we call it as an unsaturated matched component (UMC), we need to match all the unsaturated nodes to change its type. The result show the cost of changing a DC to a UMC (Fig.3C ) is similar to that of changing a UMC to a DC (Fig.3D) .
Furthermore, we find that the size of MDS significantly decreases after altering the type of the giant control component ( Figure. s9), which means that the method can also be used to optimize the controllability of complex networks (21) (22) .
Discussion
In summary, we developed the driver graph, a fundamental structure that reveals the control relationship of nodes and MDSs. Our key finding, that the control adjacent nodes have the same control role, allows us to reveal the inherent control correlation of nodes, and offers a general mechanism to manipulate the control roles of nodes or design a suitable control scheme. Furthermore, networks with a giant control component display a surprising type transition phenomenon in response to well-chosen structural perturbations, which is ubiquitous in dense networks across multiple disciplines. (23) . Furthermore, the structural properties of the driver graph, such as the node's degree and connected component also reveal several important topics on controllability of a network. We believe the other structural properties such as average distance, diameter, also worth deep investigation for multiple disciplines, such as brain network (28), protein interaction (29), and et.al.
Furthermore, we design an algorithm to alter the control role of most nodes of a network with small structural perturbations, which is the first attempt to convert the control mode (17-18) of a network as far as we know. Many real networks, especially biological network, are incomplete and may have many missing edges. It means that if some new edges are discovered, it may alter the control role of existing nodes dramatically. However, these newly discovered edges will never weaken the performance of our algorithm, because they will only increase the size of the giant connected component of driver graph.
These findings will improve our understanding of the control principles of complex networks and may be useful in controlling various real complex systems, such as drug designs (24) (25) (26) , financial markets (13, 27) and biological networks (28) (29) . 
